In this paper, we study the solutions of the initial-value problem (IVP) for the quasi-geostrophic equations, namely
Introduction
The 2D quasi-geostrophic equation is a two-dimentional model of the 3D incompressible hydrodynamic equations [CCW] . This equation has the form
where κ > 0 and 0 ≤ γ ≤ 1 are parameters, and θ = θ (x, t) is a scalar function of x and t ≥ 0. The fluid velocity u = (u 1 , u 2 ) ∈ R 2 is determined from θ through a stream function ψ,
while the function ψ satisfies
The operator (−∆) γ is defined by ( [St] )
where f denotes the Fourier transform of f , i.e.,
f (x)e −2iπxξ dx.
For notational convenience, we write Λ for (−∆) 1 2 . We denote the Riesz transform in R 2 by R j (j = 1, 2) as R R j f (ξ) = −i ξ j |ξ| f (ξ) .
The operator R ⊥ is defined by
When 1 < p < ∞, R j are bounded operators on L p [St] . As a consequence, for 1 < p < ∞,
Physically, the 2D quasi-geostrophic equation models the evolution of temperature of atmospheric and oceanic fluid flow (see [CMT] , [HPGS] , [P] ). It is hoped that the investigation of two-dimentional dissipative quasi-geostrophic equation provides clues to the millennium prize problem concerning the threedimentional Navier-Stokes equations.Therefore, this paper is solely focused on the critical case γ = 1 2 and the super-critical case γ < 1 2 . In Wu [W2] , the existence of global solutions in H 1 in the critical case γ = 1 2 is studied and the main result is the following theorem. 
with the following explicit bound :
valid for all t ≥ 0. Furthermore, if θ 1 and θ 2 are two solutions of the IVP (13) in class (4) with
Our aim of this paper is to establish existence and uniqueness results for the IVP of the two-dimentional quasi-geostrophic equation with θ 0 in the Sobolev space H r and to generalize Wu's [W2] theorem to the Sobolev spaces for a suitable indices r by using the Littlewood-Paley decomposition. For r ≥ 2 − γ, the two-dimentional quasi-geostrophic equation is shown to have a unique global solution associated with any initial data θ 0 ∈ H r that is comparable to κ.
Shift-invariant spaces of local measures
We consider in this section a special class of shift-invariant spaces of distributions was introduced by P.G. Lemarié-Rieusset in his work [Lem] . The spaces which are invariant under pointwise multiplication with bounded continuous functions.
A) A shift-invariant Banach spaces of test functions is a Banach space E such that we have the continuous embeddings
and so that :
(a) for all x 0 ∈ R d and for all f ∈ E, f (x − x 0 ) ∈ E and
B) A shift-invariant Banach spaces of distributions is a Banach space E which is the topological dual of a shift-invariant Banach of test functions space E (0) of smooth elements of E is defined as the closure of
C) A shift-invariant Banach space of local measures is a shift-invariant Banach space of distributions E so that for all f ∈ E and all g ∈ S R d , we have f g ∈ E and
where C E is a positive constant which depends neither on f nor on g.
Remark 1 An easy consequence of hypothesis (a) is that a shift-invariant Banach space of test functions
A shift-invariant Banach spaces of distributions are adapted to convolution with integrable kernels : Lemma 2.1 (Convolution in shift-invariant spaces of distributions) If E is a shift-invariant Banach space of test functions or of distributions and ϕ ∈ S R d , then for all f ∈ E, we have f * ϕ ∈ E and
Moreover, convolution may be extented into a bounded bilinear operator from E × L 1 to E and we have for all f ∈ E and for all g ∈ L 1 , the inequality
Proof. The proof of the above lemma can be found in [Lem] .
The solution operator for the linear equation
Consider the solution operator for the linear equation
For a given initial data θ 0 , the solution of this equation is given by
where
γ is a convolution operator with its kernel k γ being defined through the Fourier transform
In particular, k γ is the heat kernel for γ = 1 and the Poisson kernel for
. The kernel k γ possesses similar properties as the heat kernel does. For example, for γ ∈ [0, 1] and t > 0, k γ (x, t) is a nonnegative and nonincreasing radial function and satisfies the following homogeneity properties :
This remarks lead to the following result :
Furthermore, the operators K γ and ∇K γ are bounded on L ∞ . To prove this fact, we need the following lemma :
and
where C is a constant depending on γ.
Proof. We first prove (7). We have
Estimate (8) can be proved similarly by using the identity
where k γ is another radial function enjoying the same properties as k γ does. Now, we introduce a basic tool for this paper : the Littlewood-Paley decomposition,
The Littlewood-Paley decomposition of tempered distributions Definition 2.4 (Dyadics blocks)
Let ∆ j and S j be defined as the Fourier multipliers
The distribution ∆ j f is called the j−th dyadic block of the Littlewood-Paley decomposition of f .
For all k ∈ Z and for all f ∈ S'(R d ), we have
This equality is called the Littlewood-Paley decomposition of the distribution f . If, moreover, lim
is called the homogeneous Littlewood-Paley decomposition of the distribution f . When dealing with the Littlewood-Paley decomposition, it is convenient to introduce the functions ϕ(ξ) = ϕ( ξ 2 ) and ψ(ξ) = ϕ( ξ 4 ) − ϕ(4ξ) as well as the operators S j and ∆ j defined by
so that S j = S j S j and ∆ j = ∆ j ∆ j . Using this operators, we obviously get the following Bernstein's lemma can be found in [Lem] .
Definition 2.6 (Distributions vanishing at infinity) We define the space of tempered distributions vanishing at infinity as the space
We may now define homogeneous Besov spaces in the following way :
is defined as
equipped with the norm 
If s < 0 and if f j satisfies supp f j ⊂ ξ :
We use the semi-group e
−t(−∆)
γ operating on shift-invariant Banach spaces of distributions, it will be very useful to characterize the action of the kernel k γ (t) on Besov spaces associated with such spaces ( [Lem] , Theorem 5.3, p.44-45).
Proposition 2.8 Let s < 0 and T > 0. There exists a constant C T > 0 such that
Moreover, the norms
and f · Bp s,q are equivalent. We introduce the BMO space.
, and a cube Q with sides parallel to the cordinate axes, we set
and say f ∈ BMO if and only if
is finite.
A constant has BMO−seminorm 0; (11) defines a norm on BMO modulo constants. Clearly, L ∞ ⊂ BMO. Finally, we mention complement to (15), namely
We give some comments on the Besov space 
and that there exist a sequence of constants (α j ) ∈ C Z so that
and for k = 1, ..., d,
hence is a polynomial P ; but a polynomial has a homogeneous LittlewoodPaley decomposition equal to 0, so that the assumption
gives − → ∇P = 0; hence, ω − b is constant. In particular, we see that BMO (defined as the dual of Hardy space H 1 )
is a subspace of
Hence, we find that
Moreover,
This gives
Remark 2 Notice that when d = 2,
another special consequence of Theorem 1.1 is the global existence and uniqueness of solutions of (1) 
That is, we want to know whether
for every function f ∈ .
B
−r,∞ ∞ and all t > 0. The proof is exactly the same as the the theorem 5.4 in [Lem] .
Lemma 2.10 Let E a Banach space satisfying S ֒→ E ֒→
Proof. We shall prove the first statement; the proof of the second is similar. We may assume that
Using the Littlewood-Paley decomposition, we have by noting
Moreover, for all j ≥ 0, we have :
We now establish estimates for the operator K γ (t) in Banach spaces of local measures.
Proposition 2.11 For any t > 0, the operators K γ (t) and ∇K γ (t) are bounded operators in Banach spaces of local measures and depend on t continously, where ∇ denotes the space derivative. Furthermore, we have for
Proof. It is easy to check. Let us introduce suitable functional spaces to analyse the IVP (1) based on the spaces of measures local.
Definition 2.12 Let E E be the space of all function f (x, t), with t > 0 and
and therefore the norm in E E is defined by
Let us also define by E ∞ the space of all functions f (x, t), with t > 0 and
where r = 2γ − 1 < 1. The norm in E ∞ is defined by
Definition 2.13 (Pointwise produit regularity) Let E be a shift-invariant Banach space of distributions. Then E has the pointwise product regularity 
We know that the bilinear transform B is bounded on E ∞ (see [?] ) and we obviously find (using inequality (12) that it is bounded on F E where F E is the admissible path space E ∞ ∩ L ∞ ((0, 1) , E) .
Theorem 2.14 (Besov regularity and quasi-geostrophic equations) (A) Let E be a shift-invariant Banach space of distributions with the pointwise product regularity property. Then a) The bilinear operator B defined by
and converge *-weakly to 0 as t goes to 0. If
then the convergence is strong.
b) If E is continuously imbedded in the Besov space B
−r ∞,∞ , then the bilinear operator B is bounded as well from E ∞ × E ∞ to B ∞ . Hence, there exists a constant η E > 0 so that, for all θ 0 ∈ E with θ 0 E ≤ η E , the IVP for the quasi-geostrophic equations with initial data θ 0 has a solution
c) If moreover E is continuously imbedded in the Besov space
. B −r ∞,∞ , then there exists a constant η E > 0 so that, for all θ 0 ∈ E with θ 0 E ≤ η E , the IVP for the quasi-geostrophic equations with initial data θ 0 has a global solution
(B) Let F be a shift-invariant Banach space of local measures and let E be a space of regular distributions over F : for some positive s and for some
Then, the same conclusions a), b) and c) hold as in point A).
Proof. The proof is similar to the proof in the case of local measures (see [G] ). The boundedness of B from E ∞ × E ∞ to E E is obvious, since
We may similarly prove that we have, for 0 < t 1 < t 2 < 1,
and easily check that B(u, θ) goes weakly to 0 when t decreases to 0 since we have for all j ∈ N
Thus point a) is proved. Point b) is obvious. Indeed, we write for s > t 2
Point c) is treated in the same way. Now, we prove point B). We just notice that when B is any shift-invariant Banach space of distributions, we have for β ∈ (−1, 1) and h ∈ B, the estimate
since (see [Lem] , Definition 4.5, p.34),
Thus, we conclude the proof as follows :
has the pointwise product regularity property, so that we may apply the results obtained in point A); moreover, we have a more precise result, and find that the bilinear operator B maps F × F to E with
We then easily conclude since
is similar, using the embeddeings
3 Solutions in B r 2,2 .
In this section, we consider the initial-value problem IVP for the dissipative quasi-geostrophic equation
The following theorem asserts global existence and uniqueness for solutions of the IVP (13) in a certain regularity class with any initial data θ 0 whose norm is comparable to κ in H r = B r 2,2 for suitable indices r. We recall the definition of a Sobolev space. 
Next, with help of the Littlewood-Paley decomposition, we need a precise description of the convolution operator (I − ∆) (b) For all j ∈ Z,
(c) For all M ∈ N, there exists a constant C r,M so that for all j ≥ 0, we have for all
Proof. (a) is trivial since F k r is a smooth function whose derivatives of any order are slowly increasing functions.
(b) is obvious as well since the Fourier transforms of S j k r and ∆ j k r are compactly smooth functions.
To prove (c), we may assume j ≥ 1 so that we have
We estimate in a similar way
Following [Lem] and also [Tay] , we make use the following result from Littlewood-Paley theory to demonstrate that the space H r can be characterized by the Littlewood-Paley decomposition :
We prepare to prove Theorem 3.4. The first step requires the proof of a priori estimates.
Proposition 3.5 Assume that θ solves the 2D dissipative quasi-geostrophic equation (13) Proof. Let j ≥ 0. Applying ∆ j to (13), we obtain
Multiplying 2∆ j θ on both sides and integrating over R 2 yields
Due to Lemma 2.5, the second term on the left-hand side is bounded below by 2κ
L 2 . Using Lemma 3.6, the term on the right-hand side is bounded above by
Submitting these estimates to (18) and dividing both sides by 2 ∆ j θ L 2 , (18) is reduced to
Multiplying 2 2jr+1 ∆ j θ L 2 on both sides and summing over j leads to
Furthermore, 15, applied to ∇θ and ∇u asserts that for any s > 2,
Putting (20) into (18), we obtain Moreover, we know that if r + γ ≥ s > 2 and θ 0 satisfies (16), then (21) implies that for all t > 0, the function θ (., t) H r is non-increasing, it follows that θ (., t) H r ≤ c 0 κ.
Integrating (21) with respect to t leads to
The theorem 3.4 is proved.
As a direct consequence, we obtain uniqueness for the 2D dissipative quasi-geostrophic equations.
